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a b s t r a c t
A contact mechanics model is developed to study the mechanical interaction between an
elastomeric balloon expander and human skin. Through this interaction, we determine the
amount of skin growth and its dependence on the applied load, geometry and elasticity as
well as biological factors governing skin growth. For simplicity, we consider rectangular
expanders where one of the dimensions is much longer than the other. This simplification
allows us to obtain an analytical formulationwhich is valid for arbitrarily large deformation
and contact. In this study, the balloon expander is modeled as an ideal rubber and we used
a skin growth model where the growth rate is independent of the elastic stress in the skin.
One of the advantages of our formulation is that it can be easily generalized to include
more realistic constitutivemodels for skin growth and elastic behavior of the expander. Our
method involves solving algebraic equations and thus is significantly simpler to implement
than the commonly used Finite Element method.
© 2016 Elsevier Ltd. All rights reserved.1. Introduction
Reconstructive skin surgery using tissue expansion is
a widely used in-situ technique for treating congeni-
tal defects, burn injuries and breast reconstruction. This
technique is particularly useful as the new skin grown is
similar in color, texture, thickness and hair growth char-
acteristics [1]. This technique was first used 60 years ago
for reconstruction of an ear defect as reported by Neu-
mann [2]. Later it was used for breast reconstruction [3]
and treating pediatric burn patients [4]. A broad overview
of tissue expansion technology for pediatric patient treat-
ment can be found in [1]. Fig. 1 shows the steps involved
in a typical pediatric skin reconstruction for repairing con-
genital nevus on the patient’s forehead [5]. The process in-
volves placing multiple tissue expanders near the defect
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2352-4316/© 2016 Elsevier Ltd. All rights reserved.location between the dermis and hypodermis layers. These
expanders are then inflated manually to a level that is typ-
ically decided in a subjective manner based on visual judg-
ment or patient comfort [1,6,7]. This process is repeated
multiple times over weeks until the required amount of
new skin can be harvested. These expanders are empty sil-
icone elastomer balloons that are non-porous and come
with a remote injection dome [8].
A clear understanding of the mechanobiology of the
skin, especially the coupling between the elastic (mechan-
ical) and growth (biological) functions is imperative to the
improvement of tissue expansion techniques. Human skin
is a complicated multi-functional structure that performs
a wide variety of important biological functions such as
sensory input, protection and thermal regulation among
others. Skin consists of three primary layers: epidermis
(outer cellular layer), dermis (thick elastic inner layer) and
hypodermis (base fatty layer) [9]. From the mechanical
standpoint, the human skin behaves like an inhomoge-
neous, nonlinear, anisotropic and time dependentmaterial
176 A. Srivastava et al. / Extreme Mechanics Letters 9 (2016) 175–187Fig. 1. Pediatric tissue reconstruction using tissue expansion. The patient presented with a congenital nevus on the forehead. Tissue expanders were
placed subcutaneously in the skin to grow the requisite amount of new skin that was then utilized to repair the defect. The new skin showed the same
visual and hair growth characteristic as the surrounding skin [5]. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)Fig. 2. Schematic of skin growth using tissue expander [16]. (Left) The unloaded expander (blue) is first inserted between substrate (hypodermis, shown
in black) and the skin (epidermis and dermis, shown in red). (Center) The expander is then inflated almost instantaneously up to the requisite pressure or
stretch ratio. (Right) The skin then grows to relax the stress. The segments drawn in the skin are indicative of the number of cells present. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)that has in vivo pre-stress and can undergo large deforma-
tions [10–13]. Additionally, skin undergoes growth to re-
duce stress when stretched beyond a certain limit. Specif-
ically, a critical stretch activates a network of several in-
tegrated cascades involving cytoskeletal structure, growth
factors, extracellular matrix, enzyme activity, second mes-
senger systems and ion channel activity [9,14,15] leading
to increased cellular growth and collagen synthesis which
causes the skin to grow and restore the stress levels to
homeostatic equilibrium (schematic shown in Fig. 2).
Tissue expansion involves the interplay of two key com-
ponents: the mechanics of the skin-expander system and
the growth dynamics of the skin. For example, for the same
growth dynamics, the amount of skin growth in a given
time frame depends on the geometry such as the thick-
ness of expander and its elasticity as well as the history
and manner of loading. Early models for the growth dy-
namics of skin are based on volumetric tissue growth kine-
matics which has been studied over the pastmany decades
(see Taber [17] for a comprehensive review). More re-
cently, analytical and computational continuum mechan-
ics models describing volumetric tissue growth are de-
veloped by different investigators [18–31]. These contin-
uummodels have been used to study residual stresses and
mechanical instabilities induced by tissue growth in thin
structures such as plates and membranes [32–35]. Socci
et al. [36] presented one of the first computational mod-
els for skin growth that was developed for axisymmetric
geometries. Motivated by these studies, Tepole et al. [8,
16] developed a more general 3D computational modelthat can be used to investigate skin growth for differ-
ent expander shapes. Their method has the capability to
simulate realistic scenarios like multiple expander pe-
diatric reconstruction [37] and evaluating skin flap de-
signs [38]. For a more comprehensive overview of the ef-
forts and trends over the years in the study of mechanobi-
ology of skin growth, the readers are directed to the review
articles byGarikipati [39], Ambrosi et al. [40] andKuhl [41].
Most works on skin growth have focused on the con-
tinuum mechanics and growth characteristics of the skin
alone but to the best of our knowledge, there have been
no efforts to include expander mechanics in the modeling
and simulations. For example, Tepole et al. [8,16] assumed
an infinitely compliant expander subjected to a constant
pressure, so there is no air gap between the expander and
the skin (100% contact); for this case there is no pressure
drop across contact and the role of expander can be re-
placed by imposing a uniform pressure on the skin. In re-
ality, contact between the skin and the expander as well as
between the expander and the substrate is changing as the
skin grows. The pressure acting on the skin is not the same
as the air pressure inside the expander since there is a pres-
sure drop across contact, which depends on the elasticity
and geometry of the expander. Also, since the volume of
the expander changes as the skin grows, the pressure in-
side the expander cannot possibly remain constant for a
fixed amount of air. Thus, the elasticity of the expander,
the contact condition and the way it is inflated can signif-
icantly affect the skin layer being expanded and its rate of
growth. The uniform pressure model without contact me-
chanics (commonly used in existing works) neglects the
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turing the differences between using a small versus a large
expander or between using a stiff versus a soft one. There-
fore, including the contact mechanics in any theoretical or
computational expansion model is imperative for under-
standing and improving this medical technique.
Inflation and contact of pressurized membranes has
been studied extensively bymechanics researchers for past
decades. Pertinent to the modeling of skin and expander
system is the bulge test [42–44] where the free inflation of
a membrane is used to characterize its mechanical prop-
erties. There have also been various studies where mod-
eling of contact mechanics of membranes has been used
to extract the adhesive properties of these materials using
thin film adhesion tests [45–51]. In this work we develop a
contact mechanics based model for the expander and skin
system which more closely reflects the actual mechanical
behavior during patient treatment. The theoretical frame-
work in this paper is rooted in the inflation and contact
studies of nonlinear membranes discussed above.
We focus our attention on rectangular expander. For
mathematical simplicity, we assume one side of the
rectangle is much longer than the other; hence the balloon
and the skin are deformed under plane strain. We also
model the skin and the expander as membranes with
no bending stiffness. Most existing works on the large
deformation contactmechanics of pressurizedmembranes
[52–56] tend to focus on the modeling of axisymmetric
membranes. But there has been recent efforts towards
theoretical modeling of plane strain membranes by
Srivastava and Hui [57–59]. We have built upon their
mathematical model to develop our formulation. To
most accurately simulate the loading procedure we have
assumed that the air inside the expander behaves like
an ideal gas (with a fixed air mass) and hence can
undergo simultaneous pressure and volume changes. We
compared our results with a simple model commonly
used in the literature that assumes an infinitely compliant
expander (which implies uniform pressure on the skin). To
capture the growth behavior of the skin we used a simple
phenomenological constitutive model where growth is
decoupled from elastic behavior [19,27] and the total
deformation gradient is decomposed multiplicatively into
elastic and growth gradients [60] similar to the approach
used in modeling finite elastic–plastic deformation [61]. In
our model, the stresses in the skin arise solely due to the
elastic part of the deformation gradient.
This paper is organized as follows: In Section 2 we
develop a theoretical model for the contact between the
balloon tissue expander and skin. This section includes the
geometric, mechanical and skin growth formulations. In
Section 3 we present the results for ideal gas loading (with
fixed air mass). Finally, in Section 4 we summarize and
discuss the main findings of this work.
2. Theoretical model
Since the rectangular expander is assumed to be very
long in the out of plane direction, we consider the
deformation of a typical cross-section which is illustrated
in Fig. 3. The skin and the expander are typically verythin in comparison with its lateral dimensions. Hence we
shallmodel them asmembraneswith no bending stiffness;
that is, it can only support in-plane tension which changes
with the amount of stretch. To avoid numerical difficulties
in the contact problem, we assume that the membranes
(skin, expander) are separated by a very small distance
d. Note that in practice this gap is practically zero [1].
The expander membrane is initially completely deflated
and has two sides (see Fig. 3) with the bottom side rests
on a rigid substrate (which represents the hypodermis
layer and the underlying bone/muscle). The cross-sections
of the un-deformed membranes are labeled as A1A2
(expander, shown in blue dashed) and B1B2 (skin, shown
in red dashed) and have half-width ab, as respectively.
The undeformed perimeter of the expander is 4ab. All
stretch ratioswill bemeasured from the undeformed state.
The undeformed thickness of the skin and expander are
denoted by hs and hb respectively. As the loading (and
hence the deformation) is symmetric about the z-axis, we
only need to analyze the right half of the membranes.
The expander is inflated by a uniform pressure pA up
to either a predetermined pressure or a skin stretch ratio
depending on the loading scheme (contact cross section
marked byD1D2 in Fig. 3).We assumed frictionless contact.
Limitation of this assumption will be discussed in the last
section. The pressure exerted by the membranes on each
other in the contact region is denoted as pc . For frictionless
contact, this pressure is uniform. There is no pressure
acting in the region between the membranes as well as
above the skin (all pressures are measured relative to the
atmospheric pressure since it is the pressure difference
that matters). The portion of the expander in contact with
the rigid substrate is completely flat. The (half) contact
length (distance of the contact edge from the y-axis) is
denoted as c and the material coordinates of the contact
edge for the skin and expander membranes are denoted
as ρ∗s and ρ∗b1, respectively. Specifically, ρ∗s and ρ
∗
b1 are
carried by the deformation to the point D2 (see Fig. 3)
with coordinate (xc = c, zc). The material coordinate of
the contact edge between expander and substrate E2 is
denoted by ρ∗b2 and the associated (half) contact length is
denoted by cb. The edges of the skin (B1 and B2) define
the limits of the portion of dermis that are detached from
the hypodermis below during the process of inserting the
expander. As such, B1 and B2 can be treated as clamped
boundaries as far a mechanical analysis is concerned. The
angle at these ‘clamps’ is denoted by θs.
To keep the notation simple, we will drop the subscript
‘s’ for the stretch ratios referring to the top membrane
(skin) when there is no confusion. All other variables
relating to the skin are still denoted by subscript ‘s’ and all
the variables referring to the balloon expander are denoted
by the subscript ‘b’.
2.1. Skin growth model
In this section we briefly describe the skin growth
model employed in this work. More details can be found
in [8]. The three principle stretch ratios in the skin are
denoted by λ1, λ2, λ3 (denoting the x, y and z directions
respectively). The growth and elastic parts of the total
178 A. Srivastava et al. / Extreme Mechanics Letters 9 (2016) 175–187Fig. 3. (a) Schematic of a skin membrane B1D1D2B2 (red solid) being inflated by a balloon expander D1E1E2D2D1 (blue solid). The expander is inflated
by a uniform pressure. The dotted lines represent the undeformed membranes: B1B2 (red dashed) is the undeformed skin and A1A2 (blue dashed) is the
undeformed expander, and the solid lines represent the deformedmembranes. The skin and expander are initially separated by a small distance d. (b) Half
cross section of the uninflated expander shown to elucidate the location of the material points of the contact edges. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)stretch ratio are denoted by superscripts ‘G’ and ‘E’,
respectively. In our model, λ2 = 1 due to the plane
strain assumption. Following the formulation of [8], we
decompose the total stretch ratio in the skin as:
λi = λEi λGi , i = 1, 2, 3. (1)
We assume the following to simplify the analysis:
(1) Elastic Incompressibility : λE1λE2λE3 = 1.
(2) No growth in the thickness [62] and out of plane
direction: λG3 = λG2 = 1.
These assumptions imply skin growth takes place only in
the x direction. The growth rate is [8]:
λ˙G1 =
1
τ

λmax − λG1
λmax − 1
γ
H

λE1 − λc

, (2)
whereH denotes the Heaviside function, λmax > 1 denotes
the maximum allowed growth and λc > 1 denotes the
critical elastic stretch above which growth occurs. Here
τ > 0 defines a time scale for the skin growth process (in
the literature this process is called ‘adaptation’) and γ >
0 determines how fast the growth or adaptation occurs.
Since the shape of the growth curve depends on γ , it is
called the shape parameter. Note, because of the threshold
stretch ratio λc is greater than 1, the assumption λG2 = 1
is not necessary for our growth model, since if λE2 = 1
initially, the growth rate is always zero since λE2 = 1 < λc .
The solution of (2) can be readily obtained. For γ ≠ 1,
we have:
λG1 =

1, λE1 ≤ λc
λmax − (λmax − 1)

1− (1− γ ) t
(λmax − 1) τ
 1
1−γ
,
λE1 ≥ λc .
(3)Clearly λG1 reaches λmax at t = (λmax − 1) τ/(1 − γ ) for
γ < 1. For γ > 1 it will take infinite time for λG1 to
reach λmax. The evolution of growth stretch ratio for three
different maximum growth limits λmax and four different
shape parameters γ is shown in Fig. 4(a), (b). In both cases
the growth rate slows down with time. Higher λmax leads
to more growth as the growth rate is directly proportional
to the difference between the current growth stretch ratio
andλmax. On the other hand, larger γ leads to lower growth
rate since

λmax − λG1

/ (λmax − 1) < 1 in (2).
Steady state is said to be reached when growth stops. This
occurs when either λE1 decreases and reaches λc or λ
G
1
increases and reaches λmax.
2.2. Contact mechanics of expander and skin
Previously, Srivastava and Hui [57] have shown that a
plane strain membrane subjected to a uniform pressure
load has spatially uniform tension and curvature. Denote
the radius of curvature of the contact portion of the
membranes as Rc and of the non-contact portion of the
expander as Rb (see Fig. 3). The non-contact portion of the
skin is not subjected to any pressure difference hence will
be a straight line (in the cross section view). Since there
is no adhesion, tensions are continuous across the contact
edge (D1, D2) for both membranes (skin and expander)
and hence the slopes are also continuous. This implies
that the contact edge D2, center of curvature of expander
noncontact region C2 and center of curvature of the contact
region C1 are all collinear. Assuming no adhesion between
the expander and substrate, the contact angle at the
expander–substrate contact edge (E1, E2) is zero.
A. Srivastava et al. / Extreme Mechanics Letters 9 (2016) 175–187 179Fig. 4. Evolution of growth stretch ratio with time for (a) different maximum growth limit λmax and (b) different shape parameter γ . When varying λmax ,
γ was chosen to be 2 and when varying γ , λmax was chosen to be 2.4 based on the values used by Tepole et al. [8]. λc was taken as 1.12 for both cases.Simple geometry yields the following relations among
geometric variables:
c = Rc sin θs, (4)
c = cb + Rb sin θs, (5)
d+ (as − c) tan θs = Rb + Rb cos θs. (6)
The complete membrane profile can be expressed in terms
of these geometric variables and they are given in the
Appendix A. Due to frictionless boundary condition, the in-
plane stretch ratio is uniform in all three segments of the
expander: contact with skin, no contact and contact with
substrate. We denote this stretch ratio by λb and use (6) to
write:
λb|skin contact = λb = Rcθs/ρ∗b1, (7)
λb|non-contact = λb = Rb(π − θs)/(ρ∗b2 − ρ∗b1), (8)
λb|substrate contact = λb = cb/(2ab − ρ∗b2). (9)
Similarly, the in-plane stretch ratio in the skinλs is uniform
in the contact and non-contact regions, this results in
λs|balloon contact = λs = Rcθs/ρ∗s , (10)
λs|non contact = λs = (as − c)/(as − ρ∗s ) cos θs. (11)
Since the in-plane tension depends only on the stretch
ratio, a spatially uniform and continuous stretch ratio
would imply a spatially uniform and continuous tension
in the expander (denoted here as Tb). Force equilibrium
yields:
Tb|inside = Tb = pARb, (12)
Tb|outside = Tb = (pA − pc)Rc . (13)
Similarly, the in-plane tension of the skin is also spatially
uniform and continuous (denoted as Ts) and is related to
the contact pressure pc by
Ts|inside = Ts = Rcpc . (14)As discussed earlier, the pressure acting on the skin pc
differs from the pressure applied on the expander pA.
This pressure difference accounts for the curvature in the
expander which has a non-zero elastic stiffness. The ratio
αp = pc/pA represents the fraction of applied pressure that
is actually transferred to the skin andwill be denoted as the
pressure transfer coefficient.
2.3. Constitutive behavior
The expander membrane is typically a thin silicon
elastomer and hence we model its mechanical behavior
as an ideal rubber or a neo-Hookean solid [63]. Also, for
simplicity, the relation between the elastic component of
the skin stretch ratio and its tension will also be modeled
as neo-Hookean. Limitation of the neo-Hookean model
will be discussed in the last section. For simplicity, both
membranes are assumed to be incompressible.
For an incompressible neo-Hookean material, the true
principle stresses are given by [63]:
σi = −P + µ (λi)2 , i = 1, 2, 3 (15)
where µ is the small strain shear modulus and P is the
Lagrange multiplier required to enforce incompressibility.
The membrane assumption requires that stress in the
thickness direction vanish i.e. σ3 = 0. This condition along
with incompressibility condition (λ1λ2λ3 = 1) and plane
strain geometry (λ2 = 1) give the in plane tension as:
T1 = σ1h = σ1h0λ3 = µh0(λ1 − λ−31 ), (16)
where h0, h are the undeformed and deformed thicknesses
of the membrane respectively.
The constitutive relation for the elastic behavior of the
skin is given by (15) and (16) but with λi replaced by
the elastic stretch ratios λEi . The neo-Hookean constitutive
model yields:
σi = −P + µ

λEi
2
, i = 1, 2, 3 (17)
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tiplier). Using plane strain condition

λ2 = 1⇒ λG2 = 1

,
incompressibility (λE1λ
E
2λ
E
3 = 1), no growth in the thick-
ness direction (λG3 = 1) and vanishing of stress along the
thickness direction (σ3 = 0), we can write:
T1 = σ1h = σ1h0λ3 = σ1h0λE3
⇒ T1 = µh0
λE1

λE1
2 − λE1−2
= µh0

λE1 −

λE1
−3
, (18)
where λE1 = λ1/λG1 and λG1 is given by (3).
In summary, the constitutive equations for the ex-
pander and skin using the terminology introduced earlier
are
Tb = µbhb(λb − λ−3b ), (19)
Ts = µshs

λ1
λG1
−

λ1
λG1
−3
, (20)
respectively. Note that (19) and (20) imply that continuity
of sketch ratios and tensions are equivalent.
Substitution of (19) and (20) into (12), (13), (14)
along with (4)–(11), gives 11 algebraic equations in 12
unknowns: Rb, Rc, θs, cb, c, λb, λ1, ρ∗b1, ρ
∗
b2, ρ
∗
s , pc, pA. The
extra equation required for solution depends on the
loading method as describe below.
2.4. Loading condition
As mentioned in the introduction, previous work
assumes an infinitely compliant expander subjected to a
constant pressure load so that there is no pressure drop
across contact. This is equivalent to applying a uniform
constant pressure on the skin. For this case, an analytical
solution is possible for our geometry (see Supplementary
Material, Appendix B, for detailed derivation). In the results
section, we will compare this simple case (fully compliant
expander, no contact mechanics) with the solution of our
contact problem.
Here we focus on the contact problem. In practice,
the limit to which the tissue expanders are loaded is
usually decided based on either a visual inspection of the
skin or the discomfort reported by the patient. From the
standpoint of mechanics, this loading limit is decided by
the stress (and in turn the in-plane stretch ratio) in the
skin. The skin stretch ratio at this limit is denoted by
λs,load and the corresponding applied pressure is denoted
by pload. It is reasonable to assume that λs,load is achieved
instantaneously or sufficiently fast so skin growth during
this step can be neglected.Wewill also assume λs,load > λc
so skin can grow after load application.
The deformation of themembranes (skin and expander)
after the instantaneous loading step depends on the
loading scheme. Here we consider two cases:
1. Constant pressure in the expander: For this loading con-
dition pA(t) = pload is known so (4) to (14) form an 11
equation system in 11 unknowns. These 11 equations
can be reduced to two nonlinear algebraic equations intwo unknowns c, θs (see Appendix A for details). This
scheme is difficult to achieve since for an enclosedmass
of air, any change in volume of the expander during skin
growth would change the pressure. Therefore, we do
not present the solution of this case in the main text.
The solutions are presented in the Supplementary Ma-
terial (see Appendix B) for completeness.
2. Filling by Ideal Gas (with fixed air mass): A more real-
istic loading scheme is to inflate the expander up to a
predetermined stretch ratio (λs,load) and then the sys-
tem is allowed to relax. In this scheme, the air mass is
fixed. For this case, assuming no change in temperature,
we can use Boyle’s law
pAVb = pAAb = constant. (21)
where Vb and Ab are the volume and area enclosed by the
expander respectively. Ab is given by purely geometrical
considerations:
Ab = R2b(π − θs)+ 2Rbcb + (c + cb)Rb cos θs
+ R
2
c
2
(2θs − sin 2θs) . (22)
Along with Eqs. (4)–(14), (21) completes the 12
equation—12 unknown system that be solved numerically.
It is shown in the Appendix A that these 12 equations can
be reduced to three equations in θs, c, pA.
If needed, the tensions in the expander and skin are
calculated using (19) and (20).
Initial stage: first contact and loading
Irrespective of the loading scheme chosen, the first
loading step inflates the skin to a stretch ratioλs,load (which
corresponds to loading the expander to a pressure pload)
in time that is much shorter than the characteristic time
for skin growth. Hence, the loading can be considered as
instantaneous i.e. pA(t = 0+) = pload and λ1(t = 0+) =
λs,load = λE1(t = 0+). This gives rise to an instantaneous
stretch ratio λb,load in the expander. In this step, the
skin behaves like a purely elastic membrane (growth
can be ignored) and its response to load is obtained by
substituting λG1 = 1 in (20). To numerically simulate this
‘‘first contact’’, we apply a small pressure to the system and
solve for the geometrical and elastic variables. Then the
pressure is incremented in small amounts till we reach our
loading pressure pload or skin stretch ratio λs,load.
3. Results—Ideal gas loading (with fixed air mass)
For ideal gas loading, the expander is instantly pressur-
ized until the skin stretch ratio reaches λs,load. Following
this, the skin is allowed to grow subject to the constraint
that the gas filled in the expander follows Boyle’s law. We
use the following normalizations to carry out the numeri-
cal solution and present results:
d¯ = d
as
, c¯ = c
as
, c¯b = cbas , R¯ =
R
as
,
p¯ = pas
µshs
, T¯ = T
µshs
.
(23)
A. Srivastava et al. / Extreme Mechanics Letters 9 (2016) 175–187 181Fig. 5. Skin (dotted) and Expander (solid) profiles for initial (end of
loading) and final stages (steady state) of skin growth. For this plot
λs,load = 1.4, d¯ = 0.005, m = 0.5, β = 0.9, λmax = 2.4, λc = 1.12,
γ = 2. (Online version in color).
The solution depends on two dimensionless parameters:
themodulus ratiom = µbhb/µshs and size ratioβ = ab/as.
In the followingwe studyhowchanges in these parameters
affect growth.
The shear modulus µb is taken to be 1–3 MPa, which is
a typical value of shear modulus for elastomers. There
is significant variation in the reported values of shear
modulus of skin µs. These values range between 0.04 and
28 MPa [16,64,65]. The size of the expander can vary
significantly but a good representative value for ab is about
60 mm [66]. The skin pockets where the expanders are
placed are about 10% bigger than the expander [67]. The
undeformed thickness of skin hs is about 1.5 mm [68] and
that of the expander hb is less than 1 mm [69]. The skin
growth model parameters: λmax = 2.4, λc = 1.12, γ = 2
are chosen based on the values used by Tepole et al. [8,16].
Our numerical solutions are obtained for the following
values of the parameters:
λs,load = 1.4, d¯ = 0.005,
m = 0.5, β = 0.9,
λmax = 2.4, λc = 1.12, γ = 2,
(24)
where d¯ is given a very small non zero value to make
the numerical root finding routine converge. These non-
dimensionalized parameters are chosen to be representa-
tive of a typical skin loading scenario and consistent with
the values in the literature. These parameters would be
used for simulations below unless otherwise stated.
3.1. Skin deformation and geometry during growth
The pressure on the expander is applied rapidly
in small increments and the governing equations are
solved at each step till we achieve the required stretch
ratio in the skin λs,load. After this loading step, the
system is allowed to relax and skin grows. Numerical
results for this set of parameters are given in Figs. 5–7.
Fig. 5 shows the initial (end of loading) and final (growth
stops) steady configuration of the skin-expander system.
Steady statewas reachedwhen the skin elastic stretch ratio
fell below the threshold value λc and growth stopped.Fig. 6. Evolution of skin-expander contact length c (solid) and
expander–substrate contact length cb (dashed) with time. For this plot
λs,load = 1.4, d¯ = 0.005, m = 0.5, β = 0.9, λmax = 2.4, λc = 1.12,
γ = 2.
Fig. 6 plots the evolution of expander–skin contact
length c (solid line) and the expander–substrate contact
length cb (dashed line) as the skin grows. Although the
skin expander contact remains virtually constant, the
expander–substrate contact reduces significantly. This can
be attributed to the increase in the curvature of the
expander that is necessary to hold the larger amount of
the skin in equilibrium. In Fig. 7 we plot the evolution
of applied pressure (a) and pressure transfer coefficient
(b) with time as the skin grows. Skin growth allows the
pressure in the expander to decrease with a corresponding
increase in volume. Fig. 7(b) shows that the fraction
of pressure transferred to the skin also reduces with
time implying that contact mechanics plays a significant
role in determining the load felt by the skin. Therefore,
formulations that assume the expander is infinitely
compliant and transfer all the pressure to the skin would
overestimate the load on the skin.
3.2. Parametric studies: influence of mechanics and biology
The results in the last section highlight our model’s
ability to capture the interplay between the mechanics
of contact and skin growth. One of the advantage of our
model is that is easy to carry out parameter studies since
the solution involves solving a simple systems of algebraic
equations. To illustrate this, we study the effect of 6 non-
dimensional parameters on the amount of skin growth
which is determined by the stretch ratio λG1 at steady state.
The role of loading, elasticity and geometry are controlled
by the parameters λs,load,m, β whereas the role of biology
is controlled by the parameters λmax, λc, γ and τ . To
analyze the role of each parameter, for each parameter, we
plot the evolution of all three stretch ratios in the skin:
total stretch λ1 (shown as a dotted line), elastic stretch λE1
(shown as a dashed line) and growth stretch λG1 (shown as
a solid line).
182 A. Srivastava et al. / Extreme Mechanics Letters 9 (2016) 175–187Fig. 7. Evolution of (a) applied pressure on the expander and (b) pressure transfer coefficient with time. For this plot λs,load = 1.4, d¯ = 0.005, m = 0.5,
β = 0.9, λmax = 2.4, λc = 1.12, γ = 2.3.2.1. Effect of mechanics: role of geometry, elasticity and
loading
Our simple growth model assumes that the rate of skin
growth is independent of the elastic stretch ratio in the
skin. Therefore, the only way to increase skin growth is to
maximize the time before one of the stopping thresholds
(λE1 = λc or λG1 = λmax) is reached.
The effect of load is illustrated in Fig. 8 where we
plot the three stretch ratios in the skin versus time for
three different loading stretch ratios λs,load: 1.6, 1.4, 1.2.
In all three cases, growth stops and the skin reaches
steady state when λE1 falls below λc . We found that the
maximum growth increases quite rapidly with λs,load. This
can be attributed to elastic stretch ratio λE1 starting at
a higher value

λE1(t = 0+) = λ1(t = 0+) = λs,load

and
hence more time is needed for it to fall below λc . Because
the rate of skin growth is independent of the elastic stretch
ratio, curves with different λs,load lie on top of each other.
As pointed out in the introduction, the elasticity of
the expander determines the amount of contact and
the pressure transferred to the skin and hence plays an
important role in the growth of the skin. This effect is
shown in Fig. 9. The evolution of the skin stretch ratioswith
time is plotted for three different expander skin modulus
ratios m = µbhb/µshs. For a fixed applied λs,load, our
result shows that the total skin growth increases with the
compliance of the expander or decreases with m. This can
be understood by noting that volume expansion in a stiff
expander is smaller (compared to a compliant expander);
this in turn would lead to a lower total and elastic stretch
ratios in the skin. Therefore, it would take a shorter time
for the elastic stretch ratio to decrease and fall below the
threshold λc resulting in a smaller skin growth. It should
be noted that even though the system is loaded to the
same λs,load for each value of m, the expander profile and
deformation state are very different for eachm.
To study the role of geometry (or size) on skin growth
we calculated the evolution of skin growth stretch ratioFig. 8. Evolution of stretch ratios with time for different initial loading
stretch ratios λs,load . Total skin stretch ratio (dotted line), elastic stretch
ratio (dashed) and growth stretch ratio (solid). Thickness of the lines used
for plotting is decreasing with increase in the value of λs,load: the thickest
lines correspond to smallest loading stretch ratio λs,load = 1.2, medium
thickness to λs,load = 1.4 and the thinnest ones to λs,load = 1.6. The
threshold elastic stretch ratio needed for growth is also λc marked on
the plot (solid light gray). For this plot d¯ = 0.005, m = 0.5, β = 0.9,
λmax = 2.4, λc = 1.12, γ = 2.
for three different expander to skin size ratios β = ab/as.
These results are shown in Fig. 10. It is not surprising to find
that a larger expander leads to a higher total skin growth
when all the other parameters are held constant.
3.2.2. Effect of biology
The role of biology in tissue expansion is represented
by the parameters λmax, λc, γ , τ in the growth law. Since
τ is used for normalizing time, we need only to study the
effect of the remaining three parameters. Fig. 11 shows
the evolution of stretch ratios for three different values of
A. Srivastava et al. / Extreme Mechanics Letters 9 (2016) 175–187 183Fig. 9. Evolution of stretch ratios with time for different modulus ratios
m = µbhb/µshs . Total skin stretch ratio (dotted line), elastic stretch ratio
(dashed) and growth stretch ratio (solid). Thickness of the lines used for
plotting increases with m: the thinnest lines correspond to the lowest
ratiom = 0.1, medium thickness tom = 0.5 and thickest lines tom = 1.
The threshold elastic stretch ratio needed for growth λc is alsomarked on
the plot (solid light gray). For this plot λs,load = 1.4, d¯ = 0.005, β = 0.9,
λmax = 2.4, λc = 1.12, γ = 2.
Fig. 10. Evolution of stretch ratios with time for different size ratios
β = ab/as . Total skin stretch ratio is shown as dotted, elastic stretch ratio
shown as dashed and growth stretch ratio is shown as solid. Thickness
of the lines used for plotting is decreasing with increase in the value of
β: the thickest lines correspond to lowest size ratio β = 0.1, medium
thickness to β = 0.5 and the thinnest ones to β = 0.9. The threshold
elastic stretch ratio needed for growth λc is alsomarked on the plot (solid
light gray). For this plot λs,load = 1.4, d¯ = 0.055, m = 0.5, λmax = 2.4,
λc = 1.12, γ = 2.
λmax. As expected, a higher value of λmax leads to a faster
skin growth (see (2)) but this is also accompanied by a
faster decay in the skin elastic stretch ratio which leads to
a smaller amount of time for growth. We found that these
two competing effects balance each other as long as λmax
is sufficiently large. Indeed, despite different trajectories,
the total skin growth is identical (λG1 ≈ 1.55) for all
three λmax.Fig. 11. Evolution of stretch ratios with time for different values of
maximum growth stretch ratio λmax . Total skin stretch ratio (dotted line),
elastic stretch ratio (dashed) and growth stretch ratio (solid). Thickness of
the lines used for plotting is increasingwith the value ofλmax: the thinnest
lines correspond to λmax = 1.7, medium thickness to λmax = 2 and the
thickest ones to λmax = 10. The threshold elastic stretch ratio needed
for growth λc is also marked on the plot (solid light gray). For this plot
λs,load = 1.4, d¯ = 0.005,m = 0.5, β = 0.9, λc = 1.12, γ = 2.
Fig. 12. Evolution of stretch ratios with time for different values of
threshold elastic stretch ratio λc . Total skin stretch ratio (dotted line),
elastic stretch ratio (dashed) and growth stretch ratio (solid). Thickness of
the lines used for plotting is increasing with the value of λc : the thinnest
lines correspond to λc = 1.05, medium thickness to λc = 1.12 and the
thickest ones to λc = 1.3. For this plot λs,load = 1.4, d¯ = 0.005,m = 0.5,
β = 0.9, λmax = 2.4, γ = 2.
Fig. 12 shows the evolution of the stretch ratios in
the skin for three different values of λc . Recall that λc
determines the elastic stretch threshold below which skin
growth cannot occur. In our model, it has no impact on the
rate of skin growth. Therefore, the evolution of the skin
stretch ratios is identical for different λc except for the
duration of skin growth. In summary, a smaller λc means
more time for skin growth.
Finally, the shape parameter γ determines the change
in the growth rate over time. As shown in Fig. 4(b), a
higher value of γ leads to a slower skin growth rate. We
184 A. Srivastava et al. / Extreme Mechanics Letters 9 (2016) 175–187Fig. 13. Evolution of stretch ratios with time for different values of shape
parameter γ . Total skin stretch ratio (dotted line), elastic stretch ratio
(dashed) and growth stretch ratio (solid). Thickness of the lines used for
plotting is increasing with the value of γ : the thinnest lines correspond
to γ = 0.1, medium thickness to γ = 2 and the thickest ones to γ = 5.
The threshold elastic stretch ratio needed for growth λc is alsomarked on
the plot (solid light gray). For this plot λs,load = 1.4, d¯ = 0.005,m = 0.5,
β = 0.9, λmax = 2.4, λc = 1.12.
observe a similar trend in Fig. 13 where we have plotted
the evolution of skin stretch ratios for three different γ .
However, we found that increasing γ not only reduces the
growth rate, but also reduces the rate of decrease of the
elastic stretch ratio. These two effects balance each other,
resulting in the same total growth

λG1 ≈ 1.55

for all three
values of γ . Note that this is the same total growth we
obtained previously for different values of λmax, suggesting
that λmax and γ have no influence on the total skin grown
during the tissue expansion process.
3.3. Comparisonwith infinitely compliant expander (uniform
pressure) model
Here we demonstrate the difference between our
contact model and the infinitely compliant expander
(hence uniform pressure on the entire skin) model by
comparing the amount of skin growth predicted. The
value of skin growth stretch ratio

λG1

reached when the
skin stops growing represents the total new skin grown
in the procedure and this has been plotted against the
applied loading stretch ratio

λs,load

in Fig. 14. It is not
surprising that the infinitely compliant expander model
overestimates the total skin growth as all the load is
transferred to the skin. Also, Fig. 14 shows that for higher
applied loads, the infinitely compliant expander model
predicts that the growth will be stopped due to growth
stretch ratio exceeding the limit λmax. This was never
observed in our contact model.
4. Conclusions and discussion
Wepresented an analyticalmodel for the expander–skin
interaction that accounts for themechanics of contact. Our
model considers a long rectangular skin patch following
a neo-Hookean elastic law and a simple decoupled skinFig. 14. Comparison of maximum growth stretch ratio achieved for our
model with elastic (m = 0.5) expander (solid line) versus the simple
model with infinitely compliant expander (dashed line). The maximum
allowed growth stretch ratio λmax is also marked on the plot (dotted light
gray). For this plotλs,load = 1.4, d¯ = 0.005,m = 0.5,β = 0.9,λmax = 2.4,
λc = 1.12, γ = 2.
growth model in which growth occurs only above a crit-
ical stretch ratio.
Summary of major findings:
1. The pressure inside the expander does not remain
constant and can drop significantly over time as skin
grows.
2. For ideal gas loading, the contact between skin and
expander shows very little variation over time whereas
the contact between expander and the substrate
decreases substantially.
3. The pressure transferred to the skin can be significantly
less than the pressure applied to the expander and it
reduces as the skin grows with time.
4. There are two ways for the system to reach the steady
state (i.e. growth stops): elastic skin stretch ratio λE1
falls below the threshold value λc or the growth stretch
ratio λG1 exceeds the maximum growth limit λmax. In
our simulations we only observe the former behavior;
the elastic stretch ratio decreases monotonically to λc
before the growth stretch ratio can reach λmax.
5. A higher applied stretch ratio λs,load leads to higher total
skin growth.
6. Expander geometry and elasticity plays a critical role
in determining the amount of skin growth: a compliant
and larger expander leads to more skin growth with all
other factors kept constant.
7. The maximum allowed growth (λmax) and shape pa-
rameter (γ ) affect the growth rate and growth duration
but have no effect on the total amount of skin growth.
8. A commonly used model assumes an infinitely com-
pliant expander resulting in skin being subjected to a
spatially uniform pressure. Our analysis shows that this
simple model overestimates the total amount of skin
growth.
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it likely that contact is not entirely frictionless. However,
our previous analysis of a plane strain membrane in
contact with a rigid substrate [57] shows that the
difference between frictionless and no slip condition is not
substantial for the amount of contact in our simulations.
Bearing in mind that the no slip condition is the other
extreme, we felt that the frictionless boundary condition
is a reasonable approximation for skin inflation problem.
Regarding the use of neo-Hookean model to represent
elasticity; it is well known that this model underestimates
the amount of strain hardening at large strains. It should
be noted that for plane strain deformation adopted
in this work, the neo-Hookean model is equivalent to
the Mooney–Rivlin model. One of the advantage of our
formulation is that it can be readily extended to more
realistic elastic models like Exponential model which
accounts for strain hardening. In addition, we can also
include a more complex and biologically accurate skin
growth model in our formulation without any significant
changes. These more sophisticated skin models will allow
future work to incorporate the effects of cytoskeletal
structure, growth factors, extracellular matrix, enzyme
activity, second messenger systems and ion channel
activity [9,14,15]. Our method involves solving algebraic
equations and thus is significantly simpler to implement
than the Finite Element method (FEM). Finally, our
formulation can be extended to study axisymmetric
expander geometry, although the solution will involve
solving a system of ordinary differential equations. For
expanderwithmore complex geometry, the FEM is a better
alternative. However, the method presented in this paper
can still serve as a useful tool since it can be used to gain
rough ideas of the effect of varying different parameters
on skin growth. These ideas can be checked and quantified
later by more detailed numerical methods such as FEM.
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Appendix A
Deformed profiles:
From geometry, the z coordinate of the contact point is
given by,
zc = Rb + Rb cos θs. (A.1)
The profiles of the two membranes can be expressed
analytically as:
Expander–
Skin Contact region: (x, z)
= (Rc sin θ, zc + Rc(cos θ − cos θs)) , θ ∈ (0, θs)
Non-Contact region: (x, z)
= (cb + Rb sin θ, Rb(1+ cos θ)) , θ ∈ (θs, π)
Substrate Contact region: (x, z) = (x, 0) , x ∈ (0, cb)Skin–
Expander Contact region: (x, z)
= (Rc sin θ, zc + Rc(cos θ − cos θs)) , θ ∈ (0, θs)
Non-Contact region: (x, z) = (x, d+ (as − x) tan θs) ,
x ∈ (c, as)
Algebraic simplification of equations
Here we outline a method to simplify the 11 equation
system (Eqs. (4)–(14)) in 12 unknowns to a two equation
system in 3 unknowns: c, θs, pA. The 3rd condition needed
to fully solve the simplified system depends on the loading
method as discussed earlier.
Using (4) and (6) we can write:
Rc = c/ sin θs, (A.2)
Rb = (d+ (as − c) tan θs) / (1+ cos θs) . (A.3)
We can then use (5) to express the expander contact length
with the substrate in terms of c and θs:
cb = c − Rb sin θs. (A.4)
Combining (7), (8), (9) we get
λb = (Rcθs + Rb(π − θs)+ cb) /2ab. (A.5)
Combining (10) and (11) we get,
λs = ((as − c) / cos θs + Rcθs) /as. (A.6)
We can substitute the constitutive laws (19) and (20) into
(12), (13) and (14), and eliminate pc between (13) and (14)
to write:
µbhb

λb − λ−3b
+ µshs λs − λ−3s  = pARc . (A.7)
µbhb

λb − λ−3b
 = pARb. (A.8)
Substitution of Eqs. (A.2)–(A.6) into (A.7) and (A.8) yields
two equations in three unknowns c, θs, pA which can be
easily solved in MATLAB.
Appendix B. Supplementary material
Supplementary material related to this article can be
found online at http://dx.doi.org/10.1016/j.eml.2016.06.
008.
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